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ABSTRACT
We study quantum cosmological models for certain classes of bang/crunch singulari-
ties, using the duality between expanding bubbles in AdS with a FRW interior cosmology
and perturbed CFTs on de Sitter space-time. It is pointed out that horizon complemen-
tarity in the AdS bulk geometries is realized as a conformal transformation in the dual
deformed CFT. The quantum version of this map is described in full detail in a toy model
involving conformal quantum mechanics. In this system the complementarity map acts as
an exact duality between eternal and apocalyptic Hamiltonian evolutions. We calculate
the commutation relation between the Hamiltonians corresponding to the different frames.
It vanishes only on scale invariant states.
August 2013
1. Introduction
There are quite a few cases in quantum field theory where the same set of data can
be described in several ways. The two dimensional Ising model and electric magnetic
duality are examples. In string theory a very large set of such relations was uncovered
over the years. Backgrounds which have for example different metric, topology, number of
small or large dimensions and singularity, commutativity and associativity structures were
identified. The AdS/CFT type relations are in this class. In an effort to come to grips
with the special challenges presented by black hole physics a concept named Black Hole
Complementarity was put forward [1]. Sets of observables defined outside and inside the
horizon, while not commuting among the sets, were each supposed to give a full description
of the system. The consequences of such a suggestion are still being processed (cf. [2] and
its wake).
In a previous paper we have been brought to suggest a relation which touches all
these types of dualities [3]. The systems discussed, a certain type of crunching AdS space-
times, have a cosmological horizon separating those observers who meet the crunch in
finite proper time from those who get to live for an infinite proper time. The situation
is thus similar to a black hole of infinite entropy. It was claimed in [3] that the exterior
physics can be described, via AdS/CFT tools, by a specific class of non-singular time-
independent QFTs living on a time-dependent de Sitter (dS) world volume, whereas the
horizon interior could be described by a time-dependent QFT living on a static Einstein
universe. The two holographic descriptions are related by a conformal transformation,
which becomes equivalent to a complementarity map for this system.
The conformal complementarity relates the ‘eternal’ Hamiltonian evolution of dS
space-time to a finite-time interval of the Einstein universe, which we call ‘apocalyptic’.
This property is visible in the short-distance description of the QFT, and can be studied
with effective Lagrangian methods, something we address in sections 2 and 3. Furthermore,
if the system is simplified by ‘dimensional reduction’ to the conformal quantum mechanics
of de Alfaro, Fubini and Furlan [4], the complementarity transformation becomes explicitly
expressible for any wave function in the Hilbert space. We analyze in sections 4 and 5 the
details of this d = 1 system, including the mapping of observables on both sides of the
duality. Section 6 is devoted to a formal extension of the eternal/apocalyptic duality to
arbitrary QFTs and we end with a discussion of conceptual puzzles and open questions in
section 7, where we also succumb to the temptation to relate these ideas to some features
of our universe.
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2. A Simple Model Of Cosmological Complementarity
A relation between horizon complementarity and conformal symmetry is inherent in
AdS/CFT as a result of basic rules of the correspondence. An AdSd+1 space-time does not
define a canonical metric on the d-dimensional boundary but rather defines a boundary
conformal structure, i.e. a conformal class of d-metrics. Conformal maps between these
metrics extend naturally as bulk diffeomorphisms, whose global properties produce some
degree of ambiguity in the precise rules by which a given abstractly defined CFT codifies
the bulk geometry.
To appreciate the point, let us consider the AdSd+1 global manifold with metric
ds2global = −(1 + r2) dt2 +
dr2
1 + r2
+ r2 dΩ2d−1 , (2.1)
where lengths are measured in units of the AdS radius of curvature. According to the
standard AdS/CFT rules [5], we may regard (2.1) as the vacuum state of a dual CFT on
the Einstein manifold Ed = R× Sd−1 with metric
ds2E = −dt2 + dΩ2d−1 . (2.2)
Small perturbations of (2.1) quantized on a low-energy effective field theory approximation
can be regarded as low-lying excitations of the CFT on (2.2) and can be described by a
Hamiltonian picture for all values of the Einstein-frame time variable t ∈ R.
Alternatively, we could have started with a different presentation of the AdSd+1 space-
time, with a metric which we denote ‘the bubble’:
ds2bubble = dρ
2 + sinh2(ρ)
(−dτ2 + cosh2(τ) dΩ2d−1) , (2.3)
made out of a de Sitter foliation of AdS. Taking the ρ → ∞ limit and rescaling by the
divergent factor of sinh2(ρ) we have a different conformal boundary metric:
ds2dS = −dτ2 + cosh2(τ) dΩ2d−1 , (2.4)
given by the global de Sitter manifold. Thus, we can also regard the version of AdS given
by (2.3) as the bulk dual of the CFT on the dSd global manifold with metric (2.4) (cf. [6]).
Not surprisingly, the two boundary metrics are conformally related by a Weyl rescaling
and a time diffeomorphism:
ds2dS = Ω
2(τ) ds2E , Ω(τ) = cosh(τ) =
1
cos(t)
, (2.5)
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a map that should be unitarily represented in the Hilbert space and operator algebra of
the abstractly defined CFT.
t = τ = 0
r = const
ρ = const
ρ
=
0
τ
=
+
∞
ρ
=
0
τ
=
−
∞
t =
pi
2
t = −
pi
2
Figure 1: Radial slices adapted to Ed and dSd isometries, corresponding to fixed r and fixed
ρ respectively. Each point is a Sd−1 sphere with radius ranging from zero at the origin of polar
coordinates (left dashed line) to infinite size at the AdS boundary (right boundary line).
On the other hand, the ‘bubble’ version of AdS given by (2.3), with coordinate domains
−∞ < τ <∞ and 0 ≤ ρ <∞, only covers a proper subset of the whole global AdS manifold
(2.1): while the r-slices generate the whole AdS bulk, the ρ slices only cover the causal
diamond subtended by the t ∈ [−π
2
, π
2
] interval of E-time and bounded by the null surfaces
ρ = 0, τ = ±∞. This raises the question of how the two CFT descriptions can be unitarily
equivalent while one of the bulk duals is strictly contained into the other.
It turns out that the two bulk formulations are truly equivalent, in the sense that
each one of them contains all the information needed to reconstruct the other [7,8,9].
The key fact making this equivalence possible is the existence of a common initial value
surface in both bulk domains. As shown in Figure 2, the Hamiltonian development of
the dS-foliated patch shares an initial-value surface with the E-foliation of the global AdS
manifold, namely the τ = t = 0 surface. Therefore, any perturbative bulk state defined on
an arbitrary t = constant surface may be unitarily ‘pulled-back’ to the t = 0 initial-value
surface, which coincides with the τ = 0 initial surface of the dS time slices. This operation
is performed with the evolution operator generated by the t-Hamiltonian, the generator
of translations in the foliation by t = constant hyper-surfaces, H˜ ∼ i∂t. Once the state is
3
defined at τ = 0, we may ‘push-forward’ this state to any τ = constant surface in the dS
patch, acting with the τ -Hamiltonian H ∼ i∂τ .
t = τ = 0
Figure 2: Domains of bulk AdS covered by the bulk Hamiltonian developments in dS time
slicing (left) versus E time slicing (right), for the same interval of boundary data. Notice that
both domains share the initial-value surface t = τ = 0. The wavy lines represent a perturbative
particle-like state which can be propagated smoothly to all values of the t variable.
2.1. Extracting UV Data
The ‘pull-back/push-forward’ method described here (to follow the terminology of
[10]), provides a simple operational definition of ‘horizon complementarity’ in a very con-
crete example. As it stands, the construction applies to perturbative states around the
vacuum AdS manifold.
In seeking generalizations, it is natural to look at the asymptotic (UV) data, whose
non-perturbative CFT interpretation is most straightforward. In this vein, we look for
the effect on the AdS boundary of the alternative Hamiltonian foliations in the bulk and
pick a natural map between τ = constant and t = constant surfaces to represent the
complementarity.
4
t = τ = 0
τ
tτ
t
Figure 3: Any state specified by bulk data on fixed t surfaces may be mapped unitarily into a
state at fixed τ by pulling it back to t = τ = 0 as an intermediate step. The matching of time
slices at the AdS boundary defines the time-diffeomorphism tτ .
Directly matching the fixed-t and fixed-τ surfaces at the AdS boundary (cf. Figure
3) provides such a natural map, determining a particular time-diffeomorphism which we
shall denote tτ . We can find its explicit form using the common SO(d) symmetry of (2.1)
and (2.3) to set dΩd−1 = 0 in both metrics. Introducing coordinates s = tan
−1(r) − π/2
and u± =
1
2
(t± s) we obtain the metric of the AdS2 section of (2.1):
ds21+1 = −4
du+ du−
sin2(u+ − u−)
. (2.6)
If instead we define v± =
1
2 (τ ± η) with
η =
1
2
log
(
cosh(ρ)− 1
cosh(ρ) + 1
)
,
we find a metric
ds21+1 = −4
dv+ dv−
sinh2(v+ − v−)
(2.7)
for the dΩd−1 = 0 section of (2.3). By direct inspection, we can check that (2.6) and (2.7)
are related by the transformation
tan(u±) = tanh(v±) (2.8)
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on their domain of overlap. This includes the AdS boundary, defined by u± = t/2 and
v± = τ/2. On this boundary, the diffeomorphism (2.8) reduces to the sought-for time-map:
tan(tτ/2) = tanh(τ/2) , (2.9)
or, equivalently cos(tτ ) = 1/ cosh(τ). The result is of course consistent with the conformal
map between boundary dSd and Ed metrics (2.5).
Associating unitary evolution operators to the two time foliations we may write
|Ψ˜〉tτ = U˜tτ U−1τ |Ψ〉τ (2.10)
for the unitary map between the two states at fixed t or fixed τ respectively. Our particular
matching of time foliations, given by the diffeomorphism tτ , allows us to interpret (2.10)
as the unitary implementation of the conformal map Ω between Ed and dSd, i.e.
UΩ = U˜tτ U
−1
τ , cos(tτ ) =
1
cosh(τ)
. (2.11)
Notice that UΩ acts on the Hilbert space at a given value of the either time parameter
1,
sending a dS-frame state |Ψ〉τ at dS time τ into an E-frame state |Ψ˜〉t with t = tτ . The
singularity of this map at t = ±π/2 does not translate into a physical singularity for
perturbative states around the AdS vacuum. Those states are perfectly smooth in the
E-frame and may be continued for all values of t ∈ R. The crucial issue of whether this
smoothness is expected for more general states will be addressed in the next section.
The relation (2.10) was motivated by the geometry of the Hamiltonian flows in the
AdS geometry, and the evolution operators could be constructed in the low energy theory
of the bulk, describing perturbative states around the AdS vacuum manifold. However, the
resulting operators are parametrized by time variables that make sense in the exact CFT,
so it is natural to promote (2.10) as a non-perturbative definition of the ‘complementarity
map’.
1 Alternatively, we may use the Heisenberg language, where the state is fixed conventionally
as the t = τ = 0 state, and Hermitian operators representing observables are evolved unitarily in
time. The two frames translate then into two operator algebras obtained from the action of the
respective evolution operators on a given t = τ = 0 observable A0. We have A(τ) = U
−1
τ A0 Uτ ,
and A˜(t) = U˜ −1
t
A0 U˜t. Again, the two operator algebras are unitarily related by the operator
UΩ = U˜tτ U
−1
τ .
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2.2. (In)Completeness
The same method can be implemented for the case of the Poincare´ patch,
ds2Poincare = −y2 dt′ 2 +
dy2
y2
+ y2 dℓ2
Rd−1
, (2.12)
defined for t′ ∈ R and y > 0. The physics on this patch is codified by the Minkowski
version of the CFT, i.e. picking a conformal boundary with metric R × Rd−1, and the
unitary complementarity map between (2.12) and (2.1) can be constructed as in (2.11),
using the common t′ = t = 0 initial value surface.
An interesting example where this method does not work in a naive fashion is provided
by the hyperbolic foliation of AdS:
ds2hyp = −(r¯ 2 − 1) dt¯ 2 +
dr¯ 2
r¯ 2 − 1 + r¯
2 dℓ2
Hd−1
, (2.13)
where the radial coordinate is defined in the domain r¯ > 1 and the boundary metric is
taken to be R ×Hd−1, the second factor being a (d − 1)-dimensional hyperboloid. This
time, the t¯ = 0 surface does not cover the whole t = 0 surface of the global manifold. The
null surface r¯ = 1 is a horizon of a particular black hole solution with hyperbolic horizon
geometry and Hawking temperature T = 1/2π, which suggests that a situation similar to
that of the eternal AdS black hole is at play [11]. Indeed, one can cover the complete
initial value surface with the t¯ = 0 section of two hyperbolic patches of the form (2.13),
each one of them dual to the CFT living on R×Hd−1.
The global AdS background is dual to the CFT on the Sd−1 vacuum, which can be
regarded as an entangled state of the Hilbert spaces supported on each hemisphere of Sd−1.
Since a (d − 1)-dimensional hemisphere is conformal to Hd−1, let U denote the unitary
operator implementing the map on the CFT Hilbert space. The global vacuum can be
written then as an entangled state with data on two copies of the hyperbolic CFTs (cf.
[12]):
|VACSd−1〉 =
∑
Ehyp
e−πEhypUL|Ehyp〉L ⊗ UR|Ehyp〉R , (2.14)
where Ehyp is an energy eigenvalue of the CFT quantized on the H
d−1 spatial manifold2
(the sum in (2.14) is symbolic, since the spectrum of hyperbolic energies is continuous).
2 This correspondence contains subtleties for CFTs with scalars, which have negative mass-
squared due to the conformal coupling to the negative scalar curvature of Hd−1. When the
theory is defined on a compact quotient of Hd−1 there are genuine tachyonic zero modes and
non-perturbative instabilities (cf. [13])
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Operators on a single copy see the AdS vacuum as a mixed thermal state with the tem-
perature T = 1/2π of the hyperbolic AdS black hole. 3
L LR R
t = −
pi
2
t =
pi
2
t = pi
t = −pi
t = 0
t
′
tt′
Figure 4: Causal diagram of the Poincare´ patch (left figure) and the hyperbolic patches (right
figure) in AdS. Unlike the previous global representations of AdSd+1, the line denoted L is a true
boundary component, rather than the origin of polar coordinates and points represent surfaces
homeomorphic to Rd−1 rather than spheres. For d > 1 the two boundary components, denoted
L and R in the figure, define subsets of the complete conformal boundary R × Sd−1. For d = 1
this picture gives a complete representation of the causal structure, where the two boundary
components L and R are truly disconnected.
An important comment regarding (2.14) is that, while the Sd−1 vacuum state
|VACSd−1〉 of the CFT should map smoothly to the global AdS geometry, the same cannot
be said of each individual eigenstate of the hyperbolic Hamiltonian |Ehyp〉. As emphasized
in [12], such states are expected to harbor bulk singularities (akin to ‘firewalls’ [2]) on
the horizon of the hyperbolic patch. In the next section we shall add a simple classical
argument in favor of this interpretation.
Complementarity maps from a left-right symmetric slicing in hyperbolic time t¯ to
3 Notice that R×Hd−1 is conformal to the static patch of dSd. Hence we are consistent with
the global Ed/dSd map, since two static dS patches are needed to cover the sphere S
d−1 at τ = 0
in the global dS space.
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some global E-frame slice, t, can be specified by operators of the form
UC = U˜t
(U−1L U−1t¯ ⊗ U−1R U−1t¯ ) . (2.15)
In this expression, the first factor pulls the fixed-t¯ state in the product hyperbolic CFT
back into the t¯ = 0 slices, undoes the conformal map back to each left-right hemispheres
and finally it pushes the full Sd−1 state forward in E-frame time t. Notice, however, that
UC defined in (2.15) makes use of the two copies of the CFT on disjoint hyperboloids,
and the resulting operator does not have a straightforward interpretation as a unitary
representation of a conformal map in the full CFT defined on R× Sd−1.
2.3. d = 1
We note that the d = 1 case has interesting peculiarities. The union of the back-to-
back hyperbolic patches of AdS1+1 coincides with the bubble patch. Their boundary is
dS1, consisting of two disconnected lines, each one representing one static dS patch (cf.
Figure 4). The map between Poincare´ and global frames also simplifies. We compute here
for future use the associated boundary time diffeomorphism. Let the Poincare´ patch of
AdS1+1 be represented by the metric
ds2Poincare = −y2 dt′ 2 +
dy2
y2
, (2.16)
with y ≥ 0 and t′ ∈ R, covering a proper subset of the global AdS1+1 whose metric we
write as
ds2global = −(1 + x2) dt2 +
dx2
1 + x2
, (2.17)
with x ∈ R and t ∈ R, the right and left boundaries corresponding to the limits x→ ±∞
respectively. As indicated in Figure 4, a natural time-diffeomorphism tt′ is induced on the
boundary metrics by the matching of time slices at the R boundary x = y = +∞. To find
this boundary diffeomorphism we begin by transforming (2.16) by the change of variables
ζ± = t
′ ± 1/y, leading to
ds2 = −4 dζ+ dζ−
(ζ+ − ζ−)2 , (2.18)
which in turn may be transformed into the global version (2.6) under the further redefi-
nition ζ± = tan(v±). Evaluating the chain of coordinate changes at the R boundary, we
find
t′ = tan(tt′/2) (2.19)
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for the required time-diffeomorphism.
It is tempting to promote the picture of complementarity maps outlined in this section
to conformal maps in CFT1, i.e. a model of conformal quantum mechanics which would
encode the physics of AdS1+1 spaces. On the other hand, the d = 1 version of the AdS/CFT
correspondence is rich with subtleties (cf. for instance [14,15]) which makes it a rather
special case. Despite these caveats, we will find in the coming sections that many aspects
of the complementarity maps discussed here do find analogs in the simplest models of
conformal quantum mechanics.
3. Singular Maps Versus Singular States
We have argued that a version of horizon complementarity for perturbative bulk states
around the global AdS vacuum can be analyzed in terms of conformal maps between the
Ed and dSd versions of the dual CFT. This conformal rescaling, which we refer to as the
EdS map, sends the whole Hamiltonian development of the dS manifold into a compact
domain of Einstein-frame time. We refer to this situation as the ‘eternal/apocalyptic
duality’. Accordingly, we speak of the ‘eternal Hamiltonian’, dual to the dS time variable,
τ , and the ‘apocalyptic Hamiltonian’, dual to the E-frame time variable, t. The conformal
transformation UΩ is singular at the endpoints of apocalyptic time t = t⋆ = ±π/2, but
the physics of perturbative states around AdS is smooth, as the E-frame Hamiltonian acts
smoothly on those states for |t| > π/2.
It is possible to envisage states without such a smooth continuation, for which the
apocalyptic time development is truly singular in a physical sense. Let us consider a
classical state with the properties of a codimension-one brane, supported on a fixed ρ
trajectory in (2.3). Such a state is stationary with respect to the τ -Hamiltonian, but it
is accelerating, asymptotic to a null surface, in the E-frame of the global AdS geometry.
Therefore it requires an infinite supply of t-energy, and its t-time evolution is not expected
to be smooth for ∆t > π. An example of this behavior is given by a O(d, 1)-invariant
configuration similar to a Coleman-de Luccia (CdL) bubble, which expands exponentially
in an ambient AdS space and produces a crunch as in Figure 5. 4
4 These solutions can be constructed as Lorentzian continuations, in the sense of Hartle and
Hawking [16], of O(d+1)-invariant Euclidean solutions with the interpretation of renormalization-
group flows of the Euclidean CFT on Sd (cf. [3]).
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Brane-like states producing crunch singularities are a rather more interesting arena
where ideas of complementarity can be probed. Since the whole space-time crunches, they
behave in some sense as infinite-entropy limits of black holes –even the boundary of AdS
‘crunches’ in finite global time. Local observables associated to constant-ρ trajectories
are analogous to ‘exterior’ black hole observables, whereas local observables associated to
constant-r trajectories are analogous to ‘infalling’ observables. Unlike the black hole case,
we can identify infalling ‘observers’ even on the AdS boundary, so that the complementarity
map must be visible in the deep UV data of the CFT.
t = τ = 0
t =
pi
2
t = −
pi
2
ρ
=
ρ
M
Figure 5: A O(d, 1) invariant bubble of finite dS energy, producing a crunch at t = ±pi/2.
Surfaces of fixed t in the exterior AdS geometry are indicated in the picture. If the shell is
very thin, the interior geometry is also well approximated by AdS except near the bang/crunch
singularities.
It is precisely the conformal transformation between ‘eternal’ and ‘apocalyptic’ Hamil-
tonian flows what provides this ‘UV remnant’ of the complementarity map, visible in the
microscopic formulation of the CFT. In what follows, we study the transformation be-
tween eternal and apocalyptic Hamiltonians from various points of view, starting with a
Landau–Ginzburg description of the codimension-one brane states.
3.1. Effective Landau–Ginzburg Models
An approximate description of O(d, 1)-invariant brane states can be achieved by defin-
ing a radial collective coordinate φ which can be regarded as a field degree of freedom in
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the CFT. Assuming that this world-volume field is weakly coupled, it can be assigned a
canonical mass dimension. A brane situated at ρ = ρM can be expressed by arranging the
effective dynamics such that the collective field φ obtains an expectation value
〈φ〉M ∼M
d−2
2 , (3.1)
where M is the mass scale associated to the fixed radial position ρ = ρM . According to
the IR/UV relation of AdS/CFT we have (cf. [3])
ρM ∼ log 〈φ〉M ∼ log(M) , (3.2)
a relation which is valid provided d > 2 and M ≫ 1 in units of the dS curvature radius,
two conditions that we assume to be valid throughout this section.
The simplest effective dynamics supporting such a classical condensate on dS is given
by the effective (long wavelength) Landau–Ginzburg (LG) action
S[φ]eff = −
∫
dSd
[
1
2 |∂φ|2 + Veff(φ)
]
, (3.3)
where the effective potential can be written as
Veff [φ] =
1
2
ξdRdSd φ2 + λφ
2d
d−2 + εMd−∆φ
2∆
d−2 . (3.4)
The first term and the marginality of the operator appearing in the second term are
dictated by conformal invariance5, including the conformal curvature coupling with
ξd =
d− 2
4(d− 1) .
The non-linear terms in (3.4) correspond to a marginal operator of mass dimension d and a
relevant operator of dimension ∆ < d, whose coupling introduces the conformal symmetry-
breaking scale M . The factor ε = ±1 controls the sign of the relevant operator, and we
must require λ > 0 for global stability. In general, there may be many relevant operators
and a host of irrelevant operators correcting (3.3), but the simplified form of (3.4) will
suffice for our qualitative discussion.
Taking λ = O(1) and M ≫ 1 we can find condensates of the form (3.1) provided
ε = −1. In fact, we get both a stable condensate and an unstable one, as shown in Figure
5 These terms are induced at large ρM from the Dirac–Born–Infeld action of the brane (cf.
[17,18])
12
6. The unstable condensate was interpreted in [18,3] as a sphaleron configuration which all
the properties of a CdL bounce in the bulk. Interestingly, this configuration is present even
for the globally unstable model with no relevant operator, M = 0 and λ < 0. Such models
were studied extensively in [19,20,21,22,18,3] as holographic duals of crunch singularities.
It was recognized in [21,23,3] that the stable condensates in globally well-defined models
are perfectly suited to the AdS/CFT embedding of space-times with crunch singularities.
The classical LG description of condensate states on dS should be accurate when the
scale of the condensate is much larger than the dS temperature, i.e. M ≫ 1 in our notation.
In the opposite limit, M ≪ 1, the effective LG theory should receive large quantum
corrections. On the other hand, this is the limit where classical gravity descriptions in
the bulk admit a linearized approximation (cf. the appendix of [21]), the result being
O(d, 1)-invariant geometries with very small bubbles and the same crunching behavior as
in Figure 4
φ
Veff(φ)dS
Figure 6: Schematic representation of the de Sitter effective LG potential with M ≫ 1 and
ε = −1. The unstable condensate at the local maximum is dual to a CdL bubble in the bulk.
The conformal complementarity (EdS) map (2.11) becomes particularly simple in the
classical approximation to the LG dynamics (3.3). Given the conformal map between
the two frames (2.5), an extension to the full effective LG field dynamics is achieved by
postulating the conformal transformation of the basic field variable, as dictated by its
scaling dimension:
φ˜(t) = Ω(t)
d−2
2 φ(τt) . (3.5)
This transformation sends the dS-invariant condensate 〈φ〉M ∼M d−22 into the t-dependent
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E-frame configuration
〈φ˜(t)〉M ∝
(
M
cos(t)
) d−2
2
, (3.6)
which is a solution of the E-frame system
S˜Ed =
∫
Ed
(
1
2 |∂φ˜|2 + 12ξdREd φ˜ 2 + V˜eff(φ˜ ) + . . .
)
, (3.7)
with an effective potential
V˜E[φ˜ ] =
1
2ξdRE φ˜2 + λ φ˜
2d
d−2 −
(
M
cos(t)
)d−∆
φ˜
2∆
d−2 (3.8)
featuring an explicit time-dependent coupling of the relevant operator. This coupling
causes the total energy, as well as the kinetic and potential energies of the state φ˜(t) to blow
up at the ‘bang-crunch’ times t⋆ = ±π/2, showing that the singularities at the ‘apocalyptic’
times are physical in terms of the E-frame variables. The E-frame Hamiltonian is itself
singular at t = t⋆, so that the t time evolution cannot possibly continue smoothly beyond
the apocalyptic times.
We conclude that a particular class of O(d, 1)-invariant states in dS-frame variables
are seen as a singular (crunching) states in the E-frame, as a result of a singular driving
term in the E-frame Hamiltonian.
By inverting (3.5) we can study how an E-frame t-stationary condensate looks when
analyzed in dS-frame variables. Such states have U(1) × O(d) symmetry and have the
form 〈φ˜ 〉
M˜
∝ M˜ d−22 (notice that we now take ∂tM˜ = 0). This t-static configuration is a
solution of the static E-frame potential
V˜E[φ˜] =
1
2ξdRE φ˜2 + λ φ˜
2d
d−2 − M˜ d−∆ φ˜ 2∆d−2 .
The corresponding dS-frame field is
φ
M˜
(τ) ∝
(
M˜
cosh(τ)
) d−2
2
, (3.9)
which vanishes exponentially in global dS time for d > 2. After appropriately normalizing
the O(1) proportionality constant in (3.9), this solution is driven by the dS-frame LG
‘potential’
VdS[φ] =
1
2
ξdRdSd φ 2 + λφ
2d
d−2 −
(
M˜
cosh(τ)
)d−∆
φ
2∆
d−2 , (3.10)
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which now features a negative-definite, τ -dependent relevant operator turning-off as |τ | →
∞. The value of the LG potential evaluated on the solution (3.9) also redshifts to zero as
|τ | → ∞. We thus conclude that the U(1) × O(d)-invariant condensates on the E-frame
‘dilute away’ when analyzed in dS-frame variables.
Broadly speaking, we can identify two qualitatively different types of states. One
natural class is given by those states which are completely smooth in the E-frame and can
be continued through all t ∈ R with a time-independent non-singular E-frame Hamiltonian.
We refer to these as smooth states. When analyzed in the eternal frame, their distinctive
feature is the ‘diluting’ nature as |τ | → ∞.
A second class of states is given by those which are asymptotically τ -stationary in
the eternal frame, but distinct from the trivial CFT vacuum on dS. The natural way of
engineering such states is to deform the CFT by a relevant operator and consider stationary
states looking like condensates induced by the new relevant interactions. These states,
while completely regular in the eternal dS frame, are singular in the E-frame and therefore
called crunch states.
It should be clear that the smooth and crunch states do not share the same phase
(or Hilbert) space. They actually occur in different systems, in the sense that they need
different Hamiltonians to be supported as stationary states. If we fix, say the dS frame,
crunch states need a non-trivial dS-invariant relevant deformation to be turned on, while
smooth states already exist in dS systems whose Hamiltonian has no such deformation
turned on.
We have chosen to discuss the conformal map which rises naturally from the diffeo-
morphisms discussed in section 2. It maps a non compact region into a compact one inde-
pendent of the dynamics brought about by the specific Hamiltonian involved. This more
universal approach required us to disentangle the singularity inherent in such a transfor-
mation from a possible dynamical one. One could have chosen a conformal transformation
akin to a unitary gauge in gauge theories. It would be ab initio useful when there is a
physical singularity to be exposed in one frame, like the unitary gauge is useful in the
BEH phase. The transformation will be defined on the fields (cf. equation (3.5)) in such
a way that Ω is multiplied by the product of the expectation value of the scalar field φ in
the dS frame and the Hubble scale. This product vanishes in the cases when there is no
condensate and thus renders the transformation to be ill defined in those cases.
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3.2. Classical Firewalls
It is interesting to inquire to what extent this description generalizes to other versions
of the conformal frame duality studied here, such as the examples of AdS foliations related
to CFTs on flat or hyperbolic space-times.
Let Kk represent the standard constant-curvature manifold in d− 1 dimensions, with
k = 0,±1 controlling the sign of the Ricci curvature, i.e. K0 = Rd−1, K1 = Sd−1 and
K−1 = H
d−1. We can describe the global, Poincare´ and hyperbolic patches of AdS at once
with the family of metrics:
ds2k = −(r2k + k) dt2k +
dr2k
r2k + k
+ r2k dℓ
2
Kk
. (3.11)
The k = 1 case with r1 ≥ 0 is the standard metric of the global AdS manifold (2.1). The
case k = 0 with r0 ≥ 0 gives the Poincare´ patch (2.12) of AdS, and finally k = −1 with
|r−1| ≥ 1 returns the two mirror hyperbolic patches given by (2.13). The time variables
tk in (3.11) define natural Hamiltonian flows for CFTs on R×Kk. In the notation of the
previous section, we have t = t1, t
′ = t0 and t¯ = t−1.
It is interesting to inquire about the fate of condensate states with the symmetries of
R×Kk, corresponding to brane-like states defined by rk = constant in (3.11). In particular,
one can consider condensates on R × Rd−1 with Poincare´ invariance ISO(d − 1, 1) and
condensates on R×Hd−1 with symmetry U(1)×O(d− 2, 1). 6
The crucial property making the k = 0 and k = −1 cases special is the non-compact
nature of the spatial section Kk. Unlike the EdS map studied so far, this implies that the
conformal transformation to the E-frame:
ds2k=0,−1 = Ω(x)
2 ds2Ed , (3.12)
has singularities even on the t = 0 spatial section, at those points on Sd−1 where the
infinite boundary of Kk is mapped. In particular, a maximally symmetric condensate on
R×Kk of the form
〈φ〉k ∝M
d−2
2 (3.13)
6 Interestingly, these condensates can be defined without the need of a relevant operator. The
k = 0 flat-space case is similar to a Higgssed state on a Coulomb branch and the k = −1 hyperbolic
case only requires the existence a positive marginal deformation to stabilize the negative-definite
conformal mass term.
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is mapped to an E-frame field
〈φ˜(x)〉k ∝ (Ω(x)M)
d−2
2 , (3.14)
with nontrivial space-time profile, and sharing the singularities of the Weyl function Ω(x).
The configuration (3.14) solves the E-frame effective equations of motion with a relevant
perturbation
V˜∆[φ˜] = − (M Ω(x))d−∆
(
φ˜(x)
) 2∆
d−2
. (3.15)
The physical interpretation in the E-frame is that of an inhomogeneous injection of energy
with sharp divergences at the singularities of the conformal map. This happens for k = 0
at a single point on Sd−1, whereas the infinite injection of energy occurs in the k = −1
case along the complete equatorial Sd−2 which separates Sd−1 into two hemispheres. It
follows that singularities of ‘firewall’ type are expected in the global bulk description of
such states, in agreement with the philosophy expressed in [24]. The price we pay for the
ability to use a classical set up is the need to realize the state in a CFT perturbed by a
large relevant operator, but the take-away message ends up being the same.
The behavior of homogeneous condensate states described in this section should admit
a natural extension for small perturbations around these states, such as finite-particle
excitations. On the other hand, it would be interesting to generalize the present purely
classical description to the full quantum theory. The presence of strongly time-dependent
couplings makes the problem challenging. Fortunately, a number of structural properties
of the complementarity maps can be studied in a simplified quantum mechanical model,
where time-dependent couplings can be studied at considerable ease.
4. Conformal Quantum Mechanics
In order exhibit these ideas in an explicit quantum framework we can study the quan-
tum mechanical version of the Landau–Ginzburg models associated to conformal comple-
mentarity maps. A natural construction arises as the d → 1 limit of the above, in which
we replace the classical d-dimensional conformal dynamics of the LG collective degree of
freedom by its d = 1 analog. It turns out that this simple procedure is somewhat non-
trivial, since the different frames will be found to retain some characteristic features in the
d = 1 system.
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The basic building block is given by the de Alfaro–Fubini–Furlan (AFF) Conformal
Quantum Mechanics (CQM) with Hamiltonian [4]
H(π, φ)AFF =
1
2
(
π2 +
λ
φ2
)
, (4.1)
for one LG-type degree of freedom φ with canonical momentum π. The conformal group
acts on the Hilbert space of this theory as an SL(2,R) algebra generated by the Hamil-
tonian (4.1), the dilatation operator D = 12{φ, π} and the special-conformal generator
C = 12φ
2, with commutation relations
[D,H] = 2iH , [D,C] = −2iC , [H,C] = −iD ,
which follow from the basic canonical Heisenberg algebra [φ, π] = i.
The AFF Hamiltonian is classically bounded-below for repulsive potentials with λ > 0.
Even when the potential becomes attractive, it remains well defined at the quantum level
as long as λ > −1/4. The spectrum is still well defined for λ > −1/4 when the system is
quantized on L2(R+), i.e. on wave-functions Ψ[φ] with inner product
〈Ψ|Φ〉 =
∫ ∞
0
dφΨ∗[φ] Φ[φ]
and vanishing boundary condition at the origin, limφ→0Ψ[φ] = 0. More specifically, the
Hamiltonian has a positive-definite continuous spectrum 7 with delta-function normaliza-
tion for −1/4 < λ.
A discrete spectrum can be obtained by placing the system on a ‘harmonic trap’, i.e.
by adding a harmonic potential term with some frequency ω,
Hω = HAFF + ω
2C , (4.2)
where C = 1
2
φ2 is the generator of special conformal transformations. The main advantage
of this IR regularization is the preservation of a nice SL(2,R) action on the spectrum, since
the Hamiltonian is still linear in the SL(2,R) generators. This leads in particular to an
equally-spaced discrete spectrum for the trapped Hamiltonian Hω.
The trapped models are analogous to the higher-dimensional conformal field theories
defined on spheres, with a gapped spectrum, i.e. the model referred above as the E-frame
CFT. The analogy can be sharpened by doing ‘dimensional reduction’, namely taking the
7 In the absence of a scale, no bound states form.
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d → 1 limit of (3.4). The conformal mass term does survive this limit. The curvature’s
vanishing is compensated by the behavior of the conformal coupling ξd, the product leading
to a finite result. Explicitly, one finds for the LG model on Xk = R×Kk
ω2k = lim
d→1
ξdRXk = lim
d→1
d− 2
4(d− 1) k (d− 1)(d− 2) =
k
4
, (4.3)
and for the LG model on dSd:
lim
d→1
ξdRdSd = lim
d→1
d− 2
4(d− 1) d(d− 1) = −
1
4
. (4.4)
It is interesting that we get the same tachyonic ‘anti-trapping’ frequency for the d → 1
limits of the hyperbolic and dS theories. This result is natural given the interpretation of
the LG models as world-volume descriptions of codimension-one branes on AdS, since we
have seen in section 2 that hyperbolic and ‘bubble’ patches of AdS are identical for d = 1.
The complete LG action can be derived following the logic of [25]. We can drop a
particle probe of mass m in AdS1+1 and analyze its near-boundary, slow-motion dynamics
in each of the relevant patches:
ds2(k) = −(r2k + k) dt2k +
dr2k
r2k + k
,
in the notation of (3.11). The particle action reads
S(k) = −m
∫
dtk
√
r2k + k −
1
r2k + k
(
drk
dtk
)2
,
and takes the form of a CQM system with parameters ω2k = k/4 and λ = 2m
2:
S[φk] =
1
2
∫
dtk
[(
dφk
dtk
)2
− ω2k φ2k −
λ
φ2k
]
(4.5)
in the limit rk ≫ 1 and |drk/dtk| ≪ 1, where we have used the field redefinition 8
φ(tk) =
(
4m
rk(tk)
)1/2
. (4.6)
8 The canonical mass dimension of the field variable is −1/2 in d = 1, so that the UV/IR
relation between φ and the AdS radius is inverted, the asymptotic AdS region corresponding now
to the small-field regime.
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Although the probe-brane derivation is very transparent, its logical relation to a well-
defined AdS2/CFT1 duality is still far from clear. The asymptotic boundary conditions in
AdS2 are very sensitive to back-reaction from any finite-energy perturbation [14] and the
most likely interpretation of the AdS2/CFT1 correspondence involves a large Hilbert space
with exactly degenerate states on the CFT side [15], whose precise relation to AFF-like
models is an open problem. We shall not deal with such subtleties in this paper, our aim
being more modest. Namely we use the AFF model as a quantum arena to study the
eternal/apocalyptic map, while at the same time offering a tentative bulk interpretation
of the results.
4.1. Deformations And Bound States
We may thus consider three different versions of the CQM model. The standard
AFF model with ω2 = 0 (no trapping) will be regarded as the analog of the M-frame,
whereas the model with positive trapping ω2 = 1/4 corresponds to the E-frame. Finally,
the model with tachyonic anti-trapping ω2 = −1/4 will be interpreted as the dS-frame (or
equivalently the hyperbolic frame). More generally, we can deform the AFF model (either
trapped or untrapped) by adding a relevant operator contributing to the potential energy
as
V∆(φ) = ε
M1−∆
φ2∆
, (4.7)
with ∆ < 1 (the trapping harmonic term being the particular case ∆ = −1).
We notice that positive relevant deformations with ε > 0 and ∆ < 0 behave qualita-
tively like the trapping term (4.2), in the sense that they remove all the large-φ ‘scattering
states’ near zero energy. Hence, we interpret the models with such a strongly relevant
deformation as completely gapped. For ∆ = −1 we have the strict harmonic trapping,
analogous to the E-frame CFT. For ∆ < −1 they present a steeper wall, mimicking a
confining potential with a gap proportional to M as M ≫ 1. Since the complete large-φ
region is removed from the spectrum, we suggest to interpret such ‘confining’ models as
analogous to a sharp wall where AdS2 is terminated, as in a ‘bubble of nothing’ [26,27].
On the other hand, relevant deformations in the window 0 < ∆ < 1 are very mild at
large values of φ, preserving the continuum of large-φ scattering states near zero energy.
Therefore, we interpret these deformations as leaving behind a sort of ‘IR CFT fixed point’,
such as the effective field theory describing the IR behavior of a system where spontaneous
symmetry breaking has occurred. In particular, for ε < 0 and large M we find localized
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classical ground states at 〈φ〉 ∼ 1/√M which we may identify as ‘condensate’ states (cf.
figure 7). Such states are analogous to codimension-one brane states propagating in AdS2.
The ∆ = 1 case is the marginal deformation. Interestingly, a negative ε = −1 defor-
mation does not automatically imply a global instability of the model, reminiscent of the
CdL solutions discussed in the classical models above. The reason is the improved quan-
tum stability9 which sets the critical value of the effective coupling at λcritical = −1/4, a
phenomenon analogous to the limited tolerance of tachyons in AdS [28].
The AFF model admits exact solutions for the condensate states for the particular
case of a ∆ = 1/2 deformation, since the resulting induced potential (4.7) is a standard
Coulomb interaction. It follows that a spectrum of bound states can be constructed as the
radial Hydrogen wave functions continued to real values of the angular momentum, i.e. as
(hypergeometric) solutions of(
−1
2
d2
dφ2
+
λ
2φ2
−
√
M
φ
)
Un(φ) = En Un(φ) (4.8)
with discrete spectrum of energies
En = − 2M
(2n+ 1 +
√
1 + 4λ)2
, n ∈ Z+ . (4.9)
V
φ
(a)
(b)
(c)
Figure 7: The AFF potential deformed by (a) a positive strongly relevant operator with ∆ < −1
(confinement), (b) a harmonic potential, ∆ = −1 (trapping), and (c) a negative, mildly relevant
deformation, 0 < ∆ < 1 (condensate).
9 This quantum stability in the small φ region is further enhanced in the large N limit of the
generalization with O(N) symmetry. A term encoding the N -dependence of the measure would
stabilize the system at large N , even in the absence of a stabilizing marginal operator.
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The notion of condensate states is inherently semiclassical in the particular case of
the dS-frame Hamiltonian, which we write here explicitly,
HdS =
1
2
(
π2 +
λ
φ2
)
− 1
8
φ2 −
√
M
φ
,
perturbed by a negative ∆ = −1 operator. The condensate state induced by the last term
is necessarily metastable (cf. Figure 8). If this metastable well is deepened by going to
large M , the decay probability to the quadratic runaway region is of order exp(−aM2/3)
for some constant a. The bulk interpretation is that of a probe particle which can tunnel
out of an accelerating fixed-ρ trajectory, into the low radius region of AdS2. Any such
probe that tunnels back to the interior of AdS fails to reach the boundary with infinite E-
frame energy, and thus the crunch is prevented. We will return to this intriguing question
in section 6.
V
φ
Figure 8: The dS-frame potential, with tachyonic anti-trapping (dashed line) and the same model
with a relevant operator inducing a metastable condensate (full line).
5. The CQM Complementarity Map
We now study the ‘conformal complementarity’ in the CQM model. For d = 1, it
reduces to the conformal transformation induced by the time-diffeomorphism
dt =
dτ
Ω(τ)
acting as a map between ‘eternal’ time evolution, τ ∈ R, and ‘apocalyptic’ time evolution,
t ∈ [−t⋆, t⋆]. At the classical level we seek the appropriate Weyl function Ω(t) which maps
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the E-frame version of CQM:
S˜ =
∫
dt
1
2
(
dφ˜
dt
)2
− 1
2
ω˜ 2φ˜ 2 − λ
2φ˜ 2
 , (5.1)
with ω˜2 = 1/4, into the two canonical models of ‘eternal’ type:
S =
∫
dτ
[
1
2
(
dφ
dτ
)2
− 1
2
ω2 φ2 − λ
2φ2
]
, (5.2)
where ω2 = 0 for the M-frame CQM and ω2 = −1/4 for the dS-frame CQM (we use the
same time variable for both eternal models for simplicity of notation).
The answer is obtained by direct substitution of the conformal rescaling φ(τ) =
φ˜(t)
√
Ω(t) into the actions. We find the required behavior up to a boundary term:
S = S˜ −
∫
dτ
dK
dτ
= S˜ −
∫
dt
dK˜
dt
, (5.3)
where10
K(τ) = −1
4
φ2 ∂τ logΩ(τ) , K˜(t) = −1
4
φ˜ 2 ∂t logΩ(t) , (5.4)
provided the Weyl function satisfies
ω˜ 2 = Ω2 ω2 +
1
2
Ω ∂2τΩ−
1
4
(∂τΩ)
2 , (5.5)
a relation that we may interpret as an ‘anomalous’ transformation law for the frequencies.
It is useful to define
A ≡ 1
2
(
Ωω2 − Ω−1 ω˜ 2) (5.6)
for future use, as a measure of such anomalous scaling behavior. In this notation, (5.5)
reads
A = 1
8
Ω−1 (∂τΩ)
2 − 1
4
∂2τΩ =
1
8
Ω−1 (∂t log Ω)
2 − 1
4
Ω−1∂2t log Ω . (5.7)
Plugging into (5.5) the actual values of the frequencies, we find two solutions of the
non-linear differential equation which, not surprisingly, exactly match the time diffeo-
morphisms (2.9) and (2.19) found in the context of purely geometrical considerations in
AdS1+1.
10 In a slight abuse of notation, we shall often denote the functions K(τ) = K˜(t) with the same
letter and drop the twiddle in K˜(t), just as we do with the Weyl factor Ω(τ) = Ω˜(t)→ Ω(t).
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We have the EM map between the E-frame and M-frame systems, i.e. between the
trapped and ordinary AFF models:
EM : ω2 = 0 , ω˜ 2 =
1
4
, ΩEM =
1
2
(1 + τ2) =
1
2 cos2(t/2)
. (5.8)
The second solution is the standard EdS map, between the trapped and tachyonic versions
of the AFF model:
EdS : ω2 = −1
4
, ω˜ 2 =
1
4
, ΩEdS = cosh(τ) =
1
cos(t)
. (5.9)
A useful parametrisation of the two Weyl functions at once is
Ωα(t) =
1
α
(
1
α cos(t/α)
)α
, (5.10)
where α = 1 for the EdS map and α = 2 for the EM map.
Notice that the singularities of Ω(t) occur at t = ±t⋆ with t⋆ = απ/2, in agreement
with the geometrical features of AdS1+1 Penrose diagrams, showing that the Minkowski
patch covers a larger portion of the AdS boundary as compared to the dS (hyperbolic)
patch (cf. Figure 4).
A relevant operator deformation of the form
∫
dτ
M1−∆
φ2∆
(5.11)
in the eternal frame transforms into an analogous term
∫
dt
M˜ 1−∆
φ˜ 2∆
(5.12)
in the apocalyptic frame, where the mass parameters are related by
M˜ = ΩM . (5.13)
Notice that the map between (5.11) and (5.12) works also for time-dependent mass pa-
rameters, and (5.13) implies that either M or M˜ must be time-dependent in one of two
frames.
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5.1. Quantum Map
The field redefinition between the eternal and apocalyptic frames is generalized to a
full quantum map by a correspondence between wave functions
Ψ[φ, τ ] −→ Ψ˜[φ˜, t]
given by the explicit transformations
Ψ˜[ φ˜, t ] = Ω(t)
1
4 eiK˜(t)Ψ
[
φ˜
√
Ω(t), τ(t)
]
, (5.14)
and its inverse
Ψ[φ, τ ] = Ω(τ)−
1
4 e−iK(τ) Ψ˜
[
φ/
√
Ω(τ), t(τ)
]
. (5.15)
In these expressions, τ(t) and its inverse give the appropriate time diffeomorphism trans-
forming the eternal and apocalyptic frames. The first factor in (5.14) and (5.15) is a
Jacobian accounting for the correct normalization of both wave functions and the phase is
the result of the boundary term in time (5.3). It can be checked explicitly that this map
sends solutions of the apocalyptic Schro¨dinger equation
i∂tΨ˜[φ˜, t] = H˜
(
φ˜,−i ∂
∂φ˜
)
Ψ˜[φ˜, t] , (5.16)
into solutions of the eternal Schro¨dinger equation
i∂τΨ[φ, τ ] = H
(
φ,−i ∂
∂φ
)
Ψ[φ, τ ] , (5.17)
and viceversa, where the two dual Hamiltonians are defined as
H =
1
2
π2 +
1
2
ω2 φ2 + V (φ) , H˜ =
1
2
π˜ 2 +
1
2
ω˜ 2 φ˜ 2 + V˜ (φ˜ ) . (5.18)
with
π = −i ∂
∂φ
, π˜ = −i ∂
∂φ˜
. (5.19)
The quantum map (5.14) and (5.15) is formally a canonical transformation
(φ, π) −→ (φ˜, π˜) =
(
1√
Ω
φ˜,
√
Ω π˜
)
,
a change of variables that holds in quantum averages up to some anomalous terms coming
form the boundary terms. We have the basic rules
eiK π e−iK = Ω−
1
2
(
π˜ + 12 φ˜ ∂t logΩ
)
, e−iK˜ π˜ eiK˜ = Ω
1
2
(
π − 12φ∂τ logΩ
)
(5.20)
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which allow us to formulate the general map of observables for general polynomial functions
of the canonical operators. In average values defined by
〈F (φ ; π )〉Ψ ≡
∫ ∞
0
dφΨ∗[φ, τ ]F (φ,−i∂φ)Ψ[φ, τ ] ,〈
F (φ˜ ; π˜ )
〉
Ψ˜
≡
∫ ∞
0
dφ˜ Ψ˜∗[φ˜, t]F
(
φ˜,−i∂
φ˜
)
Ψ˜[φ˜, t] .
(5.21)
we have 〈
F (φ˜ ; π˜ )
〉
Ψ˜
=
〈
F
(
Ω−
1
2φ ; Ω
1
2 (π − 1
2
φ∂τ logΩ)
)〉
Ψ
〈F (φ ; π )〉Ψ =
〈
F
(
Ω
1
2 φ˜ ; Ω−
1
2 (π˜ + 12 φ˜ ∂t logΩ)
)〉
Ψ˜
.
(5.22)
These two equations can be used to extract information about the behavior of any observ-
able.
A consequence of the quantum map defined above is the complementarity of time evo-
lutions in the respective ‘eternal’ and ‘apocalyptic’ frames. In particular, we can explicitly
check the non-commutativity of the time evolution operators,
U˜t = Tt exp
(
−i
∫ t
0
dt′ H˜(t′)
)
, Uτ = Tτ exp
(
−i
∫ τ
0
dτ ′H(τ ′)
)
, (5.23)
by directly showing that the respective Hamiltonians fail to commute, even at the initial
surface where Ω = 1. We can compute [H, H˜] by expressing, say H˜ in eternal-frame
variables as
H˜ =
1
2
π˜ 2 +
1
2
ω˜ 2 φ˜ 2 + V˜ ( φ˜ ) =
1
2
Ω−1 ω˜2 φ2 + Ω
(
1
2
π2 + V (φ)
)
.
Hence we have the identity
Ω−1H˜ = H +
1
2
(
Ω−2ω˜2 − ω2)φ2 ,
from which we find the commutator of the Hamiltonian operators[
H, H˜
]
= 2iAD = 2iA D˜ . (5.24)
in terms of the function A defined in (5.6) and (5.7), and the dilation operator
D = 12{φ, π} = 12{φ˜, π˜} = D˜ . (5.25)
Since A 6= 0 even for Ω = 1, the two Hamiltonians do not commute in general. Note
that they do commute on those states which are annihilated by the generator of the scale
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transformations. This interpretation makes contact with the fact that the vacuum AdS
manifold realizes the boundary conformal group as an isometry group, showing that the
bulk geometry is actually codifying the quantum state of the dual CFT.
It is interesting to notice that the scale-invariant wave function, satisfying DΨ0 = 0,
is given by Ψ0(φ) = φ
−1/2 and is not normalizable, i.e. it does not sit in the Hilbert space
of bound states. Still, its norm is less divergent than that of a plane wave.
5.2. States And Observables
The quantum map (5.14) and its inverse (5.15) are completely general, valid for any
state with arbitrary wave-function. Both versions of the complementarity map have a
Weyl function which smoothly tends to the identity near the origin of times, Ω = 1 for
t = τ = 0, and blows up at the ‘ends of time’, with a pole-like behavior Ω(t) ∼ (t− t⋆)−α
near t = ±t⋆ = ±απ/2.
In order to further fix the intuition about the meanings of the quantum map, we can
consider a smooth τ -static wave function in the eternal quantum mechanics, with width Γ
and centered around φ0. Its dual to the apocalyptic frame has a narrowing width Γ˜(t) =
Γ/
√
Ω(t) as t→ ±απ/2, with its center migrating to the origin as φ˜0(t) = φ0/
√
Ω(t), while
at the same time the phase oscillates wildly. Therefore, the Ψ˜ wave function is infinitely
squeezed into the UV region (small φ˜) as we approach the ‘apocalypse’.
Conversely, starting with t-static wave function with fixed width Γ˜ and centered at
φ˜0 in the E-frame system, it corresponds to an eternal wave function slipping into the
deep IR (large φ), trailing the peak at φ0(τ) = φ˜0
√
Ω(τ), and widening at a rate of order
Γ(τ) = Γ˜
√
Ω(τ).
To be more precise, let us focus on the operator map (5.22) for the particular cases
of interest. We shall adopt a terminology rooted in the behavior of the state in the
apocalyptic frame (E-frame) as diagnosed by the average values of polynomials in the
canonical operators or natural observables such as the kinetic, potential and total energy.
States with smooth E-frame behavior at t = ±t⋆ can be continued beyond the ‘apocalyptic’
times ±t⋆ and will be termed smooth (S), while those with divergent matrix elements will
be denoted as singular. Among the singular states, we shall refer to crunches (C) when
the E-frame potential energy plummets to minus infinity:
lim
|t|→t⋆
〈
V˜ (φ˜ )
〉
C˜
(t) = −∞ .
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Singular states with the opposite-sign divergence
lim
|t|→t⋆
〈
V˜ (φ˜ )
〉
B˜
(t) = +∞ .
will be called bubbles (B) as analogs of ‘bubbles of nothing’.
The most interesting among singular states are those that look stationary in the eternal
frame, i.e. with a finite |τ | → ∞ limit of 〈V (φ)〉, such as the ‘condensate states’ considered
in section 5. Any such state with a non-zero value of the eternal potential energy has an
apocalyptic potential energy diverging as Ω(t) ∼ (t − t⋆)−α, the hallmark of a singular
state.
The anomalous transformation terms do affect the scaling of the kinetic energy:
〈
1
2 π˜
2
〉
Ψ˜
= Ω(t)
〈
1
2π
2
〉
Ψ
− 1
4
∂t logΩ 〈{φ, π}〉Ψ +
1
8
Ω−1 (∂t logΩ)
2 〈
φ2
〉
Ψ
. (5.26)
For a condensate-type state in the eternal frame, the three terms in this equation scale as
(t−t⋆)−α, (t−t⋆)−1 and (t−t⋆)α−2 respectively. For either the EM or the EdS map, there
is always a singular term for generic values of the eternal frame averages, confirming that
the eternally stationary state is a singular state in the apocalyptic frame. The anomalous
terms (second and third on the right hand side of (5.26)) are subdominant for the EM
model (α = 2), but have the same scaling as the first term in the EdS case (α = 1). 11
Starting with a smooth state in the E-frame, with finite and generic values of apocalyp-
tic observables at t = t⋆, the corresponding large-time behavior in the eternal frame follows
from the inverse transformations. The potential energy vanishes as 〈V (φ)〉 ∼ Ω−1 → 0
as |τ | → ∞ for any value of α (recall this potential energy excludes the purely quadratic
trapping term, to be considered below). We say that the state dilutes away in the eternal
frame.
The inverse of the (5.26) relation
〈
1
2
π 2
〉
Ψ
= Ω−1
〈
1
2
π˜2
〉
Ψ˜
+
1
4
Ω−1∂t log Ω
〈
{φ˜, π˜}
〉
Ψ˜
+
1
8
Ω−1 (∂t logΩ)
2
〈
φ˜2
〉
Ψ˜
, (5.27)
implies a similar diluting behavior for the ordinary scaling term of the kinetic energy. The
anomalous terms depending on derivatives of Ω have a potentially interesting behavior,
since they scale as (t − t⋆)α−1 and (t− t⋆)α−2 respectively. Hence, for α = 1 (EdS map)
11 This opens up the possibility that a certain dS-eternal state could be tuned to have finite
kinetic energy in the E-frame, although other observables will still diverge in general.
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we do get a divergent contribution to the kinetic energy in the |τ | → ∞ limit. We can
understand this behavior by recalling that the EdS map relates the trapped CQM in the
E-frame to the anti-trapped (i.e. tachyonic) CQM in the dS-frame. This is characteristic
of the d = 1 case and implies that smooth states look as falling down a harmonic cliff in
the eternal frame. The potential energy coming from the trapping also diverges as
−1
8
Ω(τ) 〈φ˜2〉
S˜
−→ −∞ ,
canceling the kinetic-energy infinity coming from the last term in (5.27). Hence, the total
energy does stay finite in the eternal runaway state.
Even for α = 2, i.e. the EM map, the anomalous terms produce an interesting
behavior, since the last one yields an asymptotically constant value of the potential energy.
This is to be understood as a state running away to large values of φ, with asymptotically
constant kinetic energy, i.e. a standard scattering state in the AFF quantum mechanical
model.
We conclude that the quantum complementarity map sends smooth E-frame states
(which do not look ‘apocalyptic’ in this frame) into states which run away towards large
φ values in the eternal frame, with finite total energy but diverging kinetic and potential
components in the particular case of the EdS map.
Starting with a stationary state in the eternal frame, modeled as a ‘condensate’ in the
terminology of section 5, the apocalyptic description carried by the φ˜, π˜ operator algebra,
sees it as a singular state. We say it is a crunch when the divergent potential energy is
negative, and a bubble of nothing when it diverges to positive infinity.
5.3. Evanescent Crunches?
As previously indicated, the EdS map has peculiar properties related to the tachyonic
character of the dS-frame Hamiltonian. Recall that the EdS map sends the standard
trapped CQM (E-frame system) with Hamiltonian
H˜ =
1
2
(
π˜2 +
λ
φ˜2
)
+
1
8
φ˜2 , (5.28)
into the tachyonic CQM (dS-frame system) with Hamiltonian
H =
1
2
(
π2 +
λ
φ2
)
− 1
8
φ2 (5.29)
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The large-φ instability of the eternal-frame CQM implies that the standard negative
deformations of the dS Hamiltonian
V∆(φ) = −M
1−∆
φ2∆
with constant M and 0 < ∆ < 1, fail to induce a absolutely stable condensate at 〈φ〉 ∼
M−1/2 with large M . In fact, the resulting states are only metastable, with a decay
width of order Γ ∼ M exp(−aM2/3) for some O(1) constant a. Since the eternality of
the condensate is related to the crunchy character of the state in the apocalyptic frame,
it is interesting to inquire whether this metastability, inducing a finite life-time for the
condensate, is capable of regularizing the crunch singularity.
We can approximate the very-large τ wave-function of such states as
Ψmeta ≈ e−Γτ/2Ψcond +
√
1− e−Γτ Ψrun (5.30)
where Ψcond is a normalized state which solves the Schro¨dinger equation in the large M
limit and represents the condensate in the absence of the tachyonic instability, and Ψrun
is a state representing the runaway down the inverted harmonic potential after tunneling
through the barrier. We can define this running state as the eternal dual from some generic
finite-energy state in the E-frame system.
Upon transforming this wave function to the E-frame system, the Ψ˜cond component
has the characteristic crunchy behavior we mentioned above, whereas Ψ˜run is a smooth
state in the apocalyptic frame. The amplitude of the crunchy component does vanish in
the t→ π/2 limit as
e−Γτ/2 ∼ | t⋆ − t |Γ/2 .
Since we have seen characteristic observables to diverge as inverse powers of t − t⋆, the
contribution of Ψ˜cond to expectation values is of order
| t− t⋆ |Γ−b , (5.31)
where b is some positive constant of O(1) whose detailed value depends on the partic-
ular observable being evaluated. In the semiclassical limit where this description of the
tunneling is valid, we have Γ ∼ M exp(−aM2/3) ≪ 1, so that Γ ≪ b and the quantum
depletion of the condensate is not fast enough to turn off the crunchy behavior of the state.
On the other hand, if the depletion rate should become of O(1), the exponent in (5.31)
could change sign and the corresponding expectation value be smoothed out. We see that
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the potential for a quantum-mechanical smoothing of the crunch exists, by considering
‘condensates’ with sufficiently fast decay rate. Formally, this situation can be engineered
by tuning M ≪ 1 in units of the background curvature. While the notion of ‘condensate’
is not well defined in such a limit, it is worth mentioning that such states do exist in the
dual AdS description (cf. the model discussed in the appendix of [21]) and they have the
same qualitative behavior as the more obvious crunch states described here. 12
6. Generalized Duality Between Eternity and Apocalypse
The description of conformal complementarity maps as quantum canonical transfor-
mations in CQM can be formally extended to higher-dimensional field theories. Consider
two conformally related d-dimensional Riemannian manifoldsX and X˜ with Weyl rescaling
function Ω(x). Let us define a LG model on X with classical action
SX = −
∫
X
[
1
2 |∂φ|2 + 12 ξdRX φ2 + V (φ)
]
. (6.1)
The relevant perturbations
V (φ) =
∑
i
εiM
d−∆i
i φ
2∆i
d−2 . (6.2)
depend on mass scales Mi. This model can be rewritten as a perturbed LG model on X˜
with action
S˜
X˜
= −
∫
X˜
[
1
2 |∂φ˜|2 + 12 ξdRX˜ φ˜2 + V˜ (φ˜ )
]
, (6.3)
plus some boundary terms. The new potential reads
V˜ (φ˜ ) =
∑
i
εi M˜
d−∆i
i φ˜
2∆i
d−2 ,
in terms of rescaled point-dependent mass scales M˜i = ΩMi which now become ‘source-
terms’, and with the basic field redefinition φ˜ = Ω
d−2
2 φ.
The boundary terms are defined as
SX = S˜
X˜
−∆K˜ = S˜
X˜
+
d− 2
4
∫
∂X˜
ǫ
(
Ω−1 ∇˜Ω
)
φ˜ 2 ,
12 In fact, their bulk description is even simpler, since they can be analyzed as weak perturba-
tions of AdS in supergravity.
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where ǫ = −1 for a space-like boundary component and ǫ = +1 for a time-like boundary
component and ∇˜ is the covariant derivative on X˜.
For the particular case of a Weyl rescaling function which is only dependent on time,
and a compact spatial section K, we can regard the X manifold as a cosmology
ds2X = −dτ2 + Ω(τ)2 dℓ2K ,
while X˜ is a static cylinder with base K:
ds2
X˜
= −dt2 + dℓ2K .
If Ω maps a finite interval t ∈ [−t⋆, t⋆] into the real line τ ∈ R we can use the terminology
that has become standard along this paper and regard X as the ‘eternal frame’ and X˜
as the ‘apocalyptic frame’. Then, we only have space-like boundaries at t = ±t⋆, so that
∆K˜ = K˜(t⋆)− K˜(−t⋆), with
K˜(t) =
d− 2
4
∂t log Ω
∫
K
φ˜ 2 . (6.4)
The boundary term (6.4) plays no significant role at the classical level, but does feature in
the quantum treatment. The formal construction of the states and the canonical map paral-
lels the previous formalism explained in section 5.2, except that Schro¨dinger-picture wave-
functionals replace wave-functions and canonical momenta are defined in terms of func-
tional derivatives in the usual formal fashion, π(x) = −iδ/δφ(x) and π˜(x) = −iδ/δφ˜(x).
This leads to analogous quantum maps generalizing (5.22):〈
F
[
φ˜ ; π˜
]〉
Ψ˜
=
〈
F
[
Ω
d−2
2 φ ; Ω
2−d
2
(
π +
d− 2
2
φΩd−1∂τ logΩ
)]〉
Ψ
〈F [φ ; π ]〉Ψ =
〈
F
[
Ω
2−d
2 φ˜ ; Ω
d−2
2
(
π˜ − d− 2
2
φ˜ ∂t logΩ
)]〉
Ψ˜
,
(6.5)
with an entirely similar interpretation as their d = 1 counterparts.
The Hamiltonian complementarity presented in (5.24) generalizes as well. The eternal-
frame Hamiltonian can be written in the form
H =
1
2
∫
K
Ω1−d π2 +
∫
K
Ωd−1
[
1
2
Ω−2|∂φ|2
K
+
1
2
ξdRX φ2 + V (φ)
]
, (6.6)
and its apocalyptic counterpart:
H˜ =
1
2
∫
K
π˜ +
∫
K
[
1
2
|∂φ˜|2
K
+
1
2
ξdR
X˜
φ˜ 2 + V˜ (φ˜ )
]
. (6.7)
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Explicit calculation then shows that[
H, H˜
]
= 2iA(t) D˜ , (6.8)
where D˜ = 1
2
∫
K
{φ˜, π˜} and the anomalous term generalizes to 13
A(t) = d− 2
4
∂2t logΩ +
(d− 2)2
8
(∂t log Ω)
2
. (6.9)
Although these relations are derived by simple canonical manipulations, we expect them
to hold in all generality for general field theories, showing that the Hamiltonian comple-
mentarity induced by conformal mappings trivializes when acting on scale-invariant states,
annihilated by the dilation operator. It is natural to interpret this result as underlying
the fact that the global AdS vacuum is invariant under the action of the dilation operator,
represented in the bulk as an isometry. On the other hand, for any state with an intrin-
sic scale, we expect a non-trivial quantum complementarity between the two Hamiltonian
evolutions.
7. Discussion
In this paper we have analyzed aspects of the general idea, going back at least to
[7,9], that complementarity maps can be realized as conformal transformations (or more
general field-redefinitions) in holographic models. A particularly simple example of this
program was proposed in [3], in terms of condensate states on perturbed CFTs defined
on dS space-time. A conformal map to the same CFT on the Einstein universe (Ed), but
now perturbed by a time-dependent coupling, serves as the ‘infalling’ frame in the sense
of horizon complementarity.
We have singled out the change of time variables, from an eternal history in dSd, to a
finite or ‘apocalyptic’ one in Ed, as an ‘UV remnant’ of the complementarity map, which
can be studied using conventional Lagrangian methods. We have done so at the level
of classical Landau–Ginzburg models of brane-like states, extending the analysis already
presented in [3]. A full quantum analysis is possible for the d = 1 version, conformal
quantum mechanics, which retains some qualitative properties akin to a AdS2 dual, despite
13 It is interesting that A vanishes for d = 2, a case that we have excluded consistently from
our discussion in this paper. Precisely at d = 2 we expect genuinely anomalous (quantum)
contributions to (6.8).
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the fact that no actual reconstruction of bulk dynamics is available. In this case, the
quantum map is a canonical transformation which rescales the canonical operator basis by
a time-dependent factor. Once identified, the construction can be formally extended to
higher dimensions.
The existence of two operator algebras: {O} for the ‘exterior’ observables and {O˜} for
the ‘infalling’ observables, is similar to the case of electric/magnetic duality or T-duality
in string theory. In order to sharpen the analogy, we must enrich the models by allowing
the coexistence of both ‘windings’ and ‘momenta’. So far we have considered extremely
simple states by way of example, such as either dS condensates or E-frame stationaries.
In order to realize the quantum complementarity map in a more physical fashion we must
introduce an appropriate ‘measuring apparatus’ for each operator algebra.
Consider for instance a dS condensate state. Any physical system constructed from
stationary states around the condensate ground state will only measure the eternal proper-
ties of the dS state. On the other hand, a physical system whose physical size is ‘comoving’
with the Hubble expansion, will be able to ‘measure’ a crunch in the t time variable. It
is tempting to us to use our own universe as an example (in the limit GN → 0 with fixed
Hubble constant). The Higgs condensate has fixed size in units of the Hubble constant,
but a comoving ‘observer’, anchored on the ‘realm of the nebulae’, will measure the {O˜}
operator algebra. At large τ -times such an observer is necessarily made of ‘neurons’ sep-
arated by super-horizon distances, so that its workings appear completely non-local to an
observer furnished with the {O} operator algebra. Conversely, in its own frame the {O˜}
observer will see the {O} observer as a shrinking entity whose own Hamiltonian ramps up
the eigenfrequencies to produce the illusion of eternity in the face of an impending crunch.
The main limitation of these considerations is the absence of an actual reconstruction
of operators with approximate bulk locality, in the spirit of [7,29,30,31,32]. In this sense, we
have strived to characterize horizon complementarity in the absence of an actual ‘horizon’,
using only deep UV data. The dichotomy between local and strongly non-local observables
in the CFT should then become even more drastic when translated to reconstructed bulk
operators.
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